


Chapter 2 


INVERSE TRIGONOMETRIC 


FUNCTIONS 





2.1 Overview 


2.1.1 Inverse function 


Inverse of a function ‘f’ exists, if the function is one-one and onto, i.e, bijective. 
Since trigonometric functions are many-one over their domains, we restrict their 
domains and co-domains in order to make them one-one and onto and then find 
their inverse. The domains and ranges (principal value branches) of inverse 
trigonometric functions are given below: 


Functions Domain Range (Principal value 
branches) 
Nc 7 = 
y = sinx [-1,1] E ;| 
y = cosx [-1,1] [0,7] 
= NN Bb," — ,— |- (0 
y-cosec x R- (-1,1) E ) {0} 
y= sec x R- (-1,1) [0,7] — zl 
y = tanx R > 5) 
y = cot'x R (0,70) 
Notes: 


(i) The symbol sin™x should not be confused with (sinx)'. Infact sin !x is an 
angle, the value of whose sine 1s x, similarly for other trigonometric functions. 

(1) The smallest numerical value, either positive or negative, of 0 is called the 
principal value of the function. 
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(11) Whenever no branch of an inverse trigonometric function is mentioned, we mean 
the principal value branch. The value of the inverse trigonometic function which 
lies in the range of principal branch is its principal value. 


2.1.2 Graph of an inverse trigonometric function 

The graph of an inverse trigonometric function can be obtained from the graph of 
original function by interchanging x-axis and y-axis, 1.e, if (a, b) is a point on the graph 
of trigonometric function, then (5, a) becomes the corresponding point on the graph of 
its inverse trigonometric function. 

It can be shown that the graph of an inverse function can be obtained from the 
corresponding graph of original function as a mirror image (1.e., reflection) along the 
line y =x. 

2.1.3 Properties of inverse trigonometric functions 


-m T 
P sin! (sin x) = x : XE 373 
cos (cos x) = x : x €[0,z] 
tan (tan x) = x XE 3] 
cot (cot x) 2 x : xe(0, ) 
sec! (sec x) 2 x X Sahl), Wes zl 
cosec!(cosec x) 2 x : XE ES -10j 
Zs sin (sin! x) = x x €[-1,1] 
cos(cos! x) =x x €[-1.1] 
tan (tan! x) 2 x x eR 
cot(cot! x) 2 x : xeR 
sec (sec! x) =x xeR- (1,1) 
cosec (cosec! x) 2 x : xeR- C1,1) 
EE 
sin |—-cosec x . x eR- 1,1) 
X 
pen 
cos |— |—-sec x x eR- 1,1) 
X 
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1 
tan | B = cot x 
X 


= — T + cot'!x 


4. sin! (—x) = —-sin^!x 
cos! (-x) = qT-cos lx 
tan! (-x) = -tan'!x 
cot! (—x) = m-cot x 
sec! (—x) = m-sec"!x 





cosec”! (—x) = —cosec!x 
5. sinx + cosx = = 
2 
tanx + cot!x = = 
2 
secx + cosec'!x = > 
X+ 
6. tan x + tan !y = tan !| | — xy 





tan !x — tan'y = tan! 5 xy 





Ts 2tan'x = sin! 3 
l+x 


1-x 
l4 x 





2tan'!x = cos"! 





OF . 
2tan !x = tan“! 1x) 


2.2 Solved Examples 
Short Answer (S.A.) 


Example 1 Find the principal value of cos !x, for x = 


x»0 


x«0 

x €[-1,1] 

x €[-1,1] 
xeR 

xeR 
xeR-(CL1) 
xeR-(CL1) 


x €[-1,1] 


xeR 


x €R-[-1,1] 


: xy«l 


v [en 
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V3 


Solution If - J | = 8, then cos 0 = 


» [en 


3 
Since we are considering principal branch, 0 € [0, 7]. Also, since E » 0, 0 being in 


z) 


the first quadrant, hence cos"! 3 


6 à 


Example 2 Evaluate tan" CES 


Solution tan"! o6) = tan! (= s ]- tan (-1) = grt 


13 
Example 3 Find the value of cos! (cos z-] 


13 T b 
Solution cos"! ELE = cos! v ACE — COS Ur 


oO|a 


9 
Example 4 Find the value of tan" (tan 2) l 


8 


_ tan” Gi J- . 


Example 5 Evaluate tan (tan !(— 4)). 


9 T 
Solution tan“! (tan -J = tan”! tan 7 + 4 


Solution Since tan (tanx) =x, v xe R, tan (tan !(- 4) 2 - 4. 


Example 6 Evaluate: tan" J/3 — sec! (2) . 
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Solution tan J/3 — sec! (- 2) = tan” J3 — [m — sec!2] 
T afl 2r T T 
2 neo | — |=—-—+—=+ — 
3 2 3 3 3 


M | a v3 
Example 7 Evaluate: 5! [en E ; 


Solution sin™| cos "ERE = sin! cos =) = sin” Har 
2 3 2| 6° 


Example 8 Prove that tan(cot!x) = cot (tan™'x). State with reason whether the 


equality is valid for all values of x. 
Solution Let cot'!x = 0. Then cot 0 = x 


tan|—— |=x tan! x2—-— 
a an[-- oo tma 


So tan(cot! x) 2tan =cot e g pe [pet X } cot(tan ! x) 


The equality is valid for all values of x since tan'!x and cot !x are true for x e R. 


Example 9 Find the value of sec (an? C! 





Solution Let tan 2^ , where € P] So, tan = P 
J4+y 
which gives sec = 3 4 . 
J4+y° 
Therefore, ean" z} sec = . 


48 
Example 10 Find value of tan (cosx) and hence evaluate tan (cos =) 


Solution Let cos^!x = 0, then cos 02 x, where 0 e [0,7] 
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{1 —cos* - 1- x? 


COS X 


1) ALP) 


17 


Therefore, tan(cos!x)- tan = 


Hence al cos! 


l af —5 
Example 11 Find the value of in| Zeot (3) 


1 -1 | — | — — A 
Solution Let cot fa =y. Then cot y= 12 


af) 
Now Sin| 2cot B = sin 2y 
(S since cot y «€, so ye| — 
= 2siny cosy = 13) 13 y<0, so y 7’ 


—120 


169 


d 44 
Example 12 Evaluate cos sin Vul H 


l 4 l 
Solution COS, sin™— + sec” 1 — cos| sin! —+cos™ >| 
4 3 4 4 


~ : prie 
cos} sin COS} COS —sin} sin’ — |sin| cos. 1 
Me ef L -(3) 
4 B 


"t 147. 3/15- V7 


E 
7-44 44 16 
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Long Answer (L.A.) 


E le 13 P that 2sini = aoe 
xample rove that 2sin z - tan 77 = 7% 


Nila 
Ld 


3 3 -T 
Solution Let sin! z= 0, then sin0 = s where 0 € E 


3 3 
Thus tan0- "i which gives 9 = tan'!—. 





4 
Theref 2sin!— — tan"! ul 
erefore, sinc — tan’ z7 
— 20 t -1 17 = 2 t -1 3 t -] —— 
-20-tan' 77 =2tan'7 - tan’ 4. 
3 
| 24 E 
_ tan) — [tan T L an 24. ell 
= j£ jw 7 y 
16 
24 l7 
-1 7 31 Tt 
25 2417 | =— 
ie A 
7 31 
Example 14 Prove that 
cot!7 + cot !8 + cot! 18 = cot!3 
Solution We have 
cot7 + cot '8 + cot! 18 
= tan! E + tan : + tan L3 (since cot! x = tan”! É if x > 0) 
7 8 18 x 
1 1 
7'8 j 11 
1 " 
= ibd oli (since x. y = 7a D) 
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3 1 
= 3 = 1 tan! 11 I8. 
— tan l= tan usn — i 
T 18 3.1 (since xy « 1) 
11 18 
— int — tan 1 = cot! 3 
195 3 


Example 15 Which is greater, tan 1 or tan! 1? 


Solution From Fig. 2.1, we note that tan x is an increasing function in the interval 


mu T T 
5 D , since | > 4 = tan 1 > tan 4 This gives y ~~. 


tan 1 > 1 
tan 1 > 1 = 
DE 
= an 1 
= tan 1 > 1 > tan” (1). 


Example 16 Find the value of 


inl 2tan ! 3 cos (tan ! 43) 








2 2 
Solution Let tan” ar] * and tan"! 4/3 = y so that tan x = 3 and tan y = J3 . 


2 
Therefore, s 2tan"! 3 cos (tan ! J3 ) 
= sin (2x) * cos y 
2 
 2tanx à EM 
F 1+tan? x a rr y ud 
to «(5 
12 1 37 
= — + —— LL 


= 13 2 26° 
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Example 17 Solve for x 


]- 1 
tan ! abi tan ! x, x>0 
+x 


l l ]- 
Solution From given equation, we have 2tan ! ie I tan x 
+ 


x 
=> 2| tan”! l—tan™! x | —tan x 
TU EI TU 
2| — -3tan x —=tan" x 
" H - 
1 


x=— 
B V3 
Example 18 Find the values of x which satisfy the equation 
sin! x + sin! (1 — x) = cos! x. 
Solution From the given equation, we have 


sin (sin! x + sin! (1 — x)) = sin (cos"!x) 
= sin (sin! x) cos (sin! (1 — x)) + cos (sin! x) sin (sin! (1 — x) ) = sin (cos! x) 


> x4l-ü-x + (—3 J1-x? = 1-2 

=> xJ2x-x! + J1-x? (I-x-1) =0 

EN x( 2x- - J1-x |= 0 
0 


= xX = 


or 2x —w J 1 — x? 


x? 

0 d 
Ey Or x 
— T 
Example 19 Solve the equation sin" 6x + sin! 6/3 x = ES 


T . i 
Solution From the given equation, we have sin™ 6x = E 6V3 x 
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Tw. 
= sin (sin! 6x) = sin (—5-sin ' 643 x) 


ES 6x = — cos (sin! 64/3 x) 


=> 6x = —4/1—108x^ . Squaring, we get 


36x? = 1 — 108x? 


= 144x = 1 4 C 


1 1 
Note that x 2— 12 is the only root of the equation as x = 12 does not satisfy it. 


Example 20 Show that 


4 4 tan—.tan TAL Lan SACOS 
2 tan 2 dm, 











cosa -- sin D 
2tan > tan = ) 
Solution L.H.S. = tan ! since 2tan ! x= tan! i 
1— tan? € tan? x Pp Pont 
2 4 2 
iM? 
2 tan à 
1+tan — 
= tan! r 2 
]-tan — 
1- tan? 3 
]+ tan — 
2 
2 tan — Itan? P 
= tan” 
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an 1- tan? 5 
2 2 


TOM hun M 1+tan? € 
2 2 2 2 


zd 
= tan 








2tan— 1-tan* B 

2 

]-- tan? |-- tan? 5 

= tan 2 
1— tan? — 2tan B 
4 2 

l+tan? — Itan? P 


4l sino cos 
= tan (Senne 


—] -RHA 


Objective type questions 


Choose the correct answer from the given four options in each of the Examples 21 to 41. 


Example 21 Which of the following corresponds to the principal value branch of tan? 


TU XL JU X 
e [55] o [PF 
Tw XL 
(C) 5-5} -19 (D) (0, m) 


Solution (A) 1s the correct answer. 


Example 22 The principal value branch of sec"! is 


TU 


(A) E Z to) a [0 j-[1 


JU TX 
(C) (0, m) (D) MEE 
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Solution (B) 1s the correct answer. 


Example 23 One branch of cos” other than the principal value branch corresponds to 
T 37 31 
2 m T, 2T|-4— 
(A) E d (B) | HE 
(C) (0, m) (D) [2m, 37] 


Solution (D) is the correct answer. 


T A437 
Example 24 The value of S12 (55 is 


-77 o m» C 
: (C) D) - 


3T 
(A) = (B) T 


5 


"e 3T . al AFT 3n 
Sin | cos — |=sin | sin} —— — 
5 pg 5 
xod ds TU TU 
sin. | sin | —— ||2—— 
: S 10° 


Example 25 The principal value of the expression cos [cos (— 680?)] is 


"e 40T -31 A 3T 
Solution (D) is the correct answer. sin [cs —€— = sin (eT 


2T T 34T 
A) — (Dou, aw (CO —- (D) 


= 
9 9 9 9 


Solution (A) is the correct answer. cos! (cos (680°)) = cos! [cos (720° — 40?)] 


2T 
= cos! [cos (— 40?)] = cos" [cos (40?)] = 40? = Q9 


Example 26 The value of cot (sin !x) is 


2 X 
A X73 B) Tae 
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l- x? 





l 
© = (D) 


Solution (D) is the correct answer. Let sin“ x = 0, then sin02 x 


l 
— cosec 02 — = cosec?0 = —> 
X x 


]-x 





1 
— l +cot0= 5 => cotd= 
X X 


T 
Example 27 If tanx = 10 for some x € R, then the value of cot !x is 


mE. poA ME: p 4 
(A) = (B) | (O 7z (D) =z 


T 
Solution (B) is the correct answer. We know tan^!x + cot'!x = 2 Therefore 

= T T 
cotix2—- — 
2 10 

- T T 2T 

=> Le ==> = Xx. 

er 2 10 5 


Example 28 The domain of sin“ 2x is 
(A) [0.1] (B) [-1, 1] 


1 1 
(C) EH (D) [-2,2] 


Solution (C) is the correct answer. Let sin-!'2x = 0 so that 2x = sin 0. 


1 1 
Now — 1 <sin 0 < 1, i.e., — 1 < 2x < 1 which gives Eaa 


2 


Example 29 The principal value of sin“! | 5 
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2T T 4T 51 
(A) — (B) -73 (e D 7 


Solution (B) is the correct answer. 


| 2 M . QJ .2][ . 4 TU 
sin | —— -sin | —sin— [--sin | sin— |= -= 
2 3 3 y 


Example 30 The greatest and least values of (sin™x)? + (cos"'x)* are respectively 


51 n T —T 

d — B) —and — 

2 4 an 8 (B) 2 2 
2 2 2 
T -T T 

C) —and —— D) —-andO. 
(C) 1 1 (D) 1 


Solution (A) 1s the correct answer. We have 


(sin !xY* + (cosx) = (sinx + cosx)? —2 sinx cos! x 


2 


— T ef in" x Tessin Y X 
4 2 


: ^ . —] 2 
=| 79 x+2( sin x) 


2 
~, (sin x) -Tan apt. 
2 8 


T) x J[z* T "s 
Thus, the least value is 2 16 r3 and the Greatest value is a 


BEES 
1C,f œ. 


Example 31 Let 0 = sin" (sin (— 600°), then value of 0 is 


32 MATHEMATICS 


T 2T T 
(B) 2 (C) ES (D) 3 


T 
(A) 3 


Solution (A) is the correct answer. 


sin ! sin —600x—— —sin sin RU 
180 3 
_ sin! — sin m — sin! sin 27 
3 3 
Ee TU . ail. T TU 
— sin |sin| t-—— ||-sin |sin— |=— 


Example 32 The domain of the function y = sin“! (— x?) is 
(A) [0,1] (B) (0,1) 
(C) FI, 1] (D) © 





Solution (C) is the correct answer. y=sin!(—x*) => siny=-x 


ie. — 1 <—x? <1 (since—1<siny<1) 
> 12x2-1 
> 0< N 


=> |x| <1ie.-1<x<1 
Example 33 The domain of y = cos"! (x?— 4) is 
(A) [3,5] (B) [0, v] 


(Cc) [-45, -43 | n | -5, v3] (D) |-45, -43 |u| v3, v5 | 


Solution (D) is the correct answer. y = cos! (—4) = cosy=x°-4 
ie. -1€ x*-4€1 (since—1<cosy<1) 
>W x xs 


=> X3x|xs NS 
= xe[-V5, -45]u [V5.5] 


Example 34 The domain of the function defined by f(x) = sin'!x + cosx is 
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(A) [1,1] (B) [1,7 + 1] 
(C) (-9.9) (D) 9 


Solution (A) is the correct answer. The domain of cos is R and the domain of sin! is 


[-1, 1]. Therefore, the domain of cosx + sinx is R A [-1.1] , Le., [-1, 1]. 
Example 35 The value of sin (2 sin" (-6)) is 


(A) -48 (B) .96 (C) 12 (D) sin12 


Solution (B) is the correct answer. Let sin“! (-6) = 0, i.e., sin 0 = -6. 


Now sin (20) = 2 sinO cos0 = 2 (-6) (-8) = -96. 


T 
Example 36 If sin! x + sin! y = 2 then value of cos! x + cos! y is 


27 
UD X (B) x (C) 0 (D) 4 
2 3 
e. e. e. e. Tt 
Solution (A) is the correct answer. Given that sin’ x + sin! y = 2 
T ceslx + = ori ES 
Therefore, ) ) y ) 
T 
= cosx + costy = 3 
13 41 
Example 37 The value of tan | COS ga 4 is 
MEC p "EC n3 
(A) = (B) = (So | (D) 5 


43 yl 44 EX 
Solution (A) is the correct answer. tan c ran H — tan tan “gt tan H 


34 MATHEMATICS 


4 l 

3 A ] l 

E 3 4 tantan” = e 

— tan tan HR g g 
3 4 





Example 38 The value of the expression sin [cot (cos (tan™ 1))] is 


1 
(A) 0 (B) 1 (C) 4 
Solution (D) is the correct answer. 
: -1 z : xi ES sin| sin! E = z 
sin [cot™ (cos 1 )] = sin [cot Ja |= 3 3 


1 
Example 39 The equation tan !x — cot'x = tan” RJ has 


(A) nosolution (B) unique solution 
(D) two solutions 


(C) infinite number of solutions 


Solution (B) is the correct answer. We have 


(D) 


T T 
tan!x— cot!x = — and tan'x+cot'x = 3 
Adding them, we get 2tan !x = ~ 
Tt e. 
= tan'x= 3 ie, x= V3. 
Example 40 If &<2sinx + cos'!x <B, then 
A) a-—.p-- B 0, B 
=—, p= > a=0, B= 
(A) O=—-, b= (B) 
3n 
(D) a-20,p-2n 


r 
(C) eret Pe 


3 
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—T T 

Solution (B) is the correct answer. We have E < sin! x < 5 

TOR ey 2 5.7 
n 37g 5g Egg 
ES 0 < sinx + (sin !x + cosx) < T 
= 0 < 2sin'x + cos'x < T 
Example 41 The value of tan? (sec™!2) + cot? (cosec™3) is 

(A) 5 (B) il (C) 13 (D) 15 


Solution (B) is the correct answer. 

tan? (sec*!2) + cot? (cosec!3) = sec? (sec!2) — 1 + cosec? (cosec 3) - 1 
=2?x1+3*-2=11. 

2.3 EXERCISE 


Short Answer (S.A.) 


i 5 ! 13 
1. Find the value of tan” [um A } cos" cos r1 


—A3 
3. Evaluate cos E EE 


6 


3. Prove that Cot Z- 2cot^ J -7. 


- l aii l al . (x7 
4. Find the value of tan (^x) cot (s Jem [sn 5) 


2 
5. Find the value of tan"! [an 3! 


—7T i{4 
6. Show that 2tan-! (—3) = 5 + tan 3) 


36 


10. 


11. 


MATHEMATICS 


Find the real solutions of the equation 


tan xQerl) esin 4x 0x07. 
al $ 
Find the value of the expression sin an 5 Jette 22 J. 


If 2 tan! (cos 0) = tan"! (2 cosec 0), then show that 0 = a 


where n is any integer. 


Show that COS 2 tan”! E } sin E tan! : 


3 
Solve the following equation cos (tan x) =sin (cot 1 ) 


Long Answer (L.A.) 


12. 


13. 


14. 


15. 


16. 


17. 


al box + Jl-x | m 


hw M 
= +> cos" x 
2 


tan — 
Prove that hay m ho I 4 
—37 a 


M3 4. 
Find the simplified form of COS E COS X + 5 sin x , where x € A 


4 4 
_ 1 8 >» Uae 
Prove that Sin —-F-sin —=SsSiInN —., 
17 5 85 
Show that sin” : +cos™ 2 tan | ds 
that 7 = —. 
Mor 13 5 16 
puit en a E 
Prove that A 9 J5 l 
-1 l zi 
Find the value of 4tan” ——tan 


239 ' 
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1. 4,3 4-47 4447 

18. Show that tan É sin 2) = = and justify why the other value ———— 
is ignored? 

19. If a,, a,, a.,..,a 18 an arithmetic progression with common difference d, then 
evaluate the following expression. 


tan| tan” d tan! 2 +tan” 4 +... +tan™! Ood 
l+a a, l+a, a, EAN It+a,,a, J| 


Objective Type Questions 











Choose the correct answers from the given four options in each of the Exercises from 
20 to 37 (M.C.Q.). 


20. Which of the following is the principal value branch of cos !x? 
(A) ES (B) (0, n) 
(O — [0,7] (D (0, m- {=| 

21. Which of the following is the principal value branch of cosec !x? 
(A) ey (B)  I0,n]— zl 
(C) ES (b) ES - {0} 

22. If 3tan™ x + cot! x = m, then x equals 

] 
(A) 0 (B) 1 (C) -] (D) PE 
337 
23. The value of sin! | COS 5 is 


3 —]In T —T 
(A) z (B) ^£; O = D) 10 


38 


24. 


Z2 


26. 


27. 


28. 


29. 


30. 


31. 


MATHEMATICS 


The domain of the function cos (2x — 1) is 


(CO  (-LI) (D) [0,7] 
The domain of the function defined by f (x) = sin" 4/x—1 is 
(C) [O, 1] (D) none of these 


^ - 
If cos (sin *e08 Du then x is equal to 


l 2 
(A) 5 (B) 5 (C) 0 (D) 1 
The value of sin (2 tan~ (.75)) is equal to 
(A) 75 (B) 1-5 (C) :96 (D) sin 1:5 


E 370 
The value of COS” C =) is equal to 


3T 51 7T 
(B) - © ^ (D) D 


(A) : 


= 
2 


2 
1 
The value of the expression 2 sec! 2 + sin”! 2 is 


A P B 2 C a D 1 
(A) 6 (B) 6 (C) 6 (D) 

If tan! x + tany = PE then cot! x + cot y equals 

A = B = C = D 

(A) 5 (B) 5 (C) 5 (D q 








2a at lg AT 2x 
If sin! Tues + COS T = tan I , where a, x € JO, 1, then 


the value of x 1s 





(A) 0 (B) (CO a (D) 


uid 
2 


32. 


33. 


34. 


aS. 


36. 


37. 
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st 7 
The value of cot E (=) is 


25 25 24 7 


24 (B) "z^ O Ge D uu 


PN 7 25 


Lage 2 
The value of the expression tan (Feos Z) is 











(A) | 2445 (B 5-2 
J5 +2 
(©) (D  5«J2 
Him a ee | 
2 1+cos8 
2x 
IflxI< 1, then 2 tan’ x+ sin! lex is equal to 
T 
(A) 4 tan! x (B) 0 (C) > (D) T 


If cos! à + cos! D + cos! y= 3r, then a (D y) +B (y - 0) + y (o D) 
equals 


(A) 0 (B) 1 (CO 6 (D 12 


The number of real solutions of the equation 


,/l+cos 2x —/2cos! (cos x)in EI is 
2 


(A) 0 (B) I (C) 2 (D) Infinite 


If cos !x > sinx, then 


1 
(A) E (B) Pens 


(C) ica (D | x»0 
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Fill in the blanks in each of the Exercises 38 to 48. 


1 
38. The principal value of cos"! E 1S 


. 3T 
39. The value of sin”! RT is 


40. If cos (tan! x + cot! J3 ) = 0, then value of x is 


1 
41. The set of values of sec" a is 


42. The principal value of tan” a3 is 


141 
43. The value of cos”! EN is 


44. The value of cos (sin! x + cos! x), Ixl € 1 is 
sin ! x4cos ! x 3 
45. The value of expression tan JR „when x = E is 


2X 
46. Ify22tan'x- sin! n for all x, then <y< 


A ur 


xy | is true when value of xy is 


47. The result tan !x — tan !y = tan"! | 


48. The value of cot (—x) for all x e R in terms of cot^!x is 


State True or False for the statement in each of the Exercises 49 to 55. 


49. All trigonometric functions have inverse over their respective domains. 
50. The value of the expression (cos! x)? is equal to sec? x. 
5]. The domain of trigonometric functions can be restricted to any one of their 


branch (not necessarily principal value) in order to obtain their inverse functions. 
34. The least numerical value, either positive or negative of angle 0 1s called principal 
value of the inverse trigonometric function. 
53. The graph of inverse trigonometric function can be obtained from the graph of 
their corresponding trigonometric function by interchanging x and y axes. 
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54. The minimum value of n for which tan"! -i N , is valid is 5. 


TR T 
55 The principal value of sin"! oo sin E is X. 


“i © <i 


